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Abst rac t - -The  random-force driven Eckhaus equatton is studied in the case of a long-range 
correlated nome In this model the random forcing describes the effect of a weak inhomogeneity. 
The ensamble average of the Kink solutmn shows anomalous or normal dlffumon of the soliton in 
the random medium, according to different values of the parameter characterizing the correlation. 
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1. INTRODUCTION 
Nonlinear evolution equations under the influence of external forcing terms are important in 
physical applications and motivated several studies in the past [1]. In particular, much attention 
has been devoted to understanding the effects of stochastic perturbations on soliton propagation i
random media for some physically significant models (e.g., forced nonlinear SchrSedinger (NLS), 
Korteweg-de Vries (KdV), Burgers equation, and ¢4 model) [2-6]. 
Another equation of mathematical nd physical interest is the Eckhaus equation [7] which 
is a nonlinear model associated with transversal modulation instabilities of plane solitons of 
the Kadomtsev-Petiavshvili equation [8]. The Eckhaus equation is C-integrable, namely, it can 
be linearized and solved by an appropriate change of dependent variables. In [9], many of its 
proprieties were investigated, including the linearization, soliton solutions, etc. The equation is 
also lineaxizable when an external parametric forcing is applied [10]. 
In this paper, we analyze the statistical properties of the random force driven Eckhaus equation, 
~¢~ + ¢~ + 2 (l¢l 2) ¢ + I¢14 ¢ = is (~) ¢~, ¢ = ¢ (7, ~), (1.1) 
where r is the space coordinate, z 1 is the time (see [8]) and f(T) is a Gaussian random function. 
In (1.1), the right-hand side is a multiplicative external forcing describing the effect of a weak 
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inhomogeneity; in the case f(7) = 0, (1.1) reduces to the homogeneous Eckhaus equation obtained 
in [8] 
The structure of this paper is as follows In Section 2, we introduce a long-range correlated 
noise and, through a suitable change of variables, reduce the forced problem to a homogeneous 
one. We also derive a general expression for the ensamble average of the solution. 
In Section 3, we obtain the asymptotic, large distance behaviour for the statistical average of 
the Kink solution and for the two-point correlation function between the system and the noise. 
In the large ~ limit, the statistical average of the Kink shows an anomalous or a normal diffusion 
of the soliton in the random medium according to different values of the parameter characterizing 
the noise correlation. 
2. STAT IST ICAL  PROPERTIES  OF  THE SYSTEM 
Due to the random forcing the system (1) experiences fluctuations; in the following, we study 
the statistical average (~:(~],r)} (here, ( . . . )  means the ensamble average) and its asymptotic 
(large T) behaviour, together with some relevant correlation functions. The Gaussian function 
f(T) is characterized by the average, 
(f  (v)) = 0, (2.1) 
and by the two-point correlation function, 
(f 0-), f (~-')> =.  (~- - ~"), (2.2) 
which we assume to have the following behaviour, 
# (~- - r ')  : D I~ - ~-'1 -~  , I~ - <1 ~ d, (2.3) 
with 
// J = ~( I s l )  ds < ~.  (2.4) 
In (2.3), D is the intensity of the noise and 3, is a positive constant. The above correlation 
function #(T -- ~') describes a long-range correlated noise. Now, we now introduce the change of 
variables, 
u (x, T) = ¢ (7, T), 
/: X = rl + W (~-), W (~-) = f (~-') d~", (2.5) 
T:T, 
which maps (1) into the homogenous Eckhaus equation, 
+ + 2 (Ivl u + IV: v = o. 
x 
(2.6) 
The function W(~-) in (2.5) is also a Gaussian process, 
<w(T)) =0, (2.7) 
with variance given by 
T " r  ! 
-'Jo (2.s)  
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when (2.3) and (2.4) are used, we obtain for cr 2 (T) the following large r behaviours according to 
different values of the parameter % 
2DT(2-7) 
~2 (T) l~g e (3' _ 1) (3" - 2) > 0, 3' < 1, 3' > 2, (2.9) 
~ (~) _~ 2D~ln~-, 3' = 1, (2.10) 
l-large 
o-2 (-r) l:g 2 (D + J) "r , 3'=2, (2.11) 
According to the above expressions, when the parameter 3' is fixed at a value 3' > 2, the variance 
0"2(T) is asymptotically decaying as ~.-(-~-2) as the distance ~ increases When the parameter ~, 
instead is fixed at a value 3  `< 1, the variance a2(T) is asymptotically growing as ~-(1-v) (3` < 1) 
or as r lnT  (3` = 1) when ~- increases. Finally, the case 3" = 2 corresponds to an asymptotic 
linear behaviour of a2(~ -) as a function of T. The range of values 1 < 3' < 2 is excluded by our 
considerations since in this region a2(T) according to (2.9) becomes negative as ~- grows, thus, 
lacking its physical significance. 
In our analysis, it is also useful to introduce the function, 
(k, T) = e 'kw(~), (2.12) 
and its statistical average which, due to the Gaussian property (2.7), is given by 
(G(k,m))=exp[-~k2a2(T)] • 
The statistical average (¢(r/, T)) is obtained now by introducing the Fourier transform, 
with 
P (k, ~-) = J ¢ (,, ~-) ~-,k, @, 
1 S ¢ (,, ~) = ~ P (k, ~) ~,k, dk. 
Equation (2.14) implies, via (2.5) and (2.12), 
P (k, t) = i u (x,-~) e-'kx~ 'kw(') = Cr (k, ~-) d (k, ~-), 
and 
(2.13) 
(2.14) 
(2.15) 
(2.16) 
= 0 (2.17) 
where U(k, m) is the Fourier transform of U(X, r). From (2.15) and (2.17), we get 
1 1 U (y, T) exp <+(,,,)>_- ) (2.1=) 
which is valid for any Gaussian process f(T). 
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3. ASYMPTOTIC  BEHAVIOURS 
We now consider the one-soliton (Kink) solution U~(X, ~-) of the Eckhaus equation (2.6), 
: v exp (x  - (3.1) 
X/1 + exp [-2p (X - VT)] ' 
where p and v are real, positive parameters and as w = (1/2)v - 2(p2/v) [9,10]. 
From (2.18) and (3.1), we get the statistical average of the Kink solution {¢~(~,T)) in the 
following form, 
1 I~ IT  ~_/o/2 exp [ -  (z2 + za2~z) ]  
(~)s (T], T)> : -~e-  e ~7/ [1 ÷exp(--2p(,~~T)Z:TT))] 1/2dz' (3.2) 
with 
z - Q/ -  y) (3.3) 
1 1 
=  vw, = (3.4) 
The large T behaviour of (¢~Q/, 7)) is evaluated in the Appendix with the following results. 
(i) 7 < 1. The statistical average is growing according to 
(¢~ (~7, T)) l~g A1 (7, T) e2P'~T (1-(a/2)~), (3.5) 
where A1 (~?, 7-) contains oscillatory contributions in ~ and r. 
(ii) 7 --> 2. The statistical average is decaying according to 
(¢~ (7, T))rl~gelarge A2 07, r) 
where A2(~, 7) contams oscillatory contributions in r] and T, and the constant b is given 
by t 2D 
b= ~ (7 -1 ) (7 -2 ) '  " />2,  (3.7) 
t 2(D/d+ J), 7 = 2. 
The above results imply that the case 7 -< 1 corresponds to an anomalous soliton diffusion 
in the random medium. In fact, the statistical average of the Kink profile grows and eventually 
collapses as the soliton propagates into the medium. An anomalous soliton diffusion in the case 
7 -< 1 was first observed in [3b] for the KdV soliton. 
In the case 7 > 2, the statistical average is instead asymptotically vanishing as ~- --* +0% thus 
implying the attenuation of the Kink profile during the diffusion in the random medium. This is 
the same kind of asymptotic behaviour observed for the KdV soliton [3] and the shock solution 
of the Burgers equation in the case of white and weakly correlated noise [5]. This kind of soliton 
diffusion is usually called normal diffusion. 
The statistical average ([~s(~?, T)[ 2) has been numerically evaluated in the two cases 7 < 1 and 
> 1. The results, reported in Figures 1 and 2, respectively, are in agreement with the above 
theoretical behaviours. 
Let us now turn our attention to the two point correlation functions between the system and 
the noise, 
1/ / 
{~b(~,~-), f(~-+s)) = ~ dyUQi -y )  e,kU. @~kw(,), f (~-+s))  dk, (3.8) 
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Figure 2. The statistical average (I¢~(~/,T)] 2) for the sohton of the first kind for 
")'=3. 
where (2.15), (2.16), and (2.12) have been used. The statistical average in the right-hand side of 
(3.8) is evaluated as 
(3.8) and (3.9), then imply 
(¢(rl, r), f(7-+s))=C(r,r+s) -g-~yU(rl-y,r)exp 2~7ir). dy, (3.10) 
where 
c (~-, ~- + s) = (w (~-), f (~- + s)) ~ , (3.11) 
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and the integrand in the right-hand side of (3.10) has a fimte asymptotic value as T ~ +C~. In 
the following, we only consider the case of normal diffusion 3' -> 2. From (2.3), we get 
D s)(l_3, ) 8(1_.~) ] 
(W (T), f (1- + s)) = (1 - 3') [(~" + - ' (3.12) 
which in turn implies 
1 ~/ (3'-  2) ;r,y/2_l [(7" ~- S) (1-3`) 
/ 
c( , ,~ + ~)= 2 V~2T ~T) 8(1--3`)] ~/> 2, (3.13) 
and 
C(~. ,~.+s)=l  D 1 1 [ ] 
2 ~ (1 - 7) v ~ (r + s) 0-~) - s (1-~) ~/= 2, (3.14) 
where (2.9) and (2.11) have been used and the constant b is defined in (3.7). 
Equations (3.13) and (3.14) show a two-point correlation which is asymptotically vanishing as 
the distance between the two points becomes very large (~- fixed, s ~ +o0). This behaviour is 
consistent with the one observed in [4] for the case of white and weakly correlated noise. 
APPENDIX  
In this appendix, consider the statistical verage (~(~?, ~)) given by (3.2) and derive the asymp- 
totic behaviors (3.7)-(3.7) From (3.2), for large % we can write 
(A.~) 
with 
J1 (7, ~-) = e-PV~e-~=Ve()'2/2)~2(~) [1 + err (F1 (7, 7.))], 
J2 (7,7) = e'~2'e -(2~/2~'(')) [1 + erf (/2 (7, T))], 
J3 (7, ~) = e 2~e-~'e (~/~( ' ) )  [1 + ~I  (Fa (7, ~))], 
(A.2) 
(A.3) 
(A.4) 
where 31,2 are defined in (3.4) and is A1 = p + ~32, A2 = 2p - ~32. 
The above functions Fj (7, ~-) are given by 
r l  (7, ~) = 
F3 (7, ~) -- 
. 
(A.5) 
(A.6) 
(A.7) 
The large T behaviour of the variance a2(T), for different values of the parameter 3 ,` is given by 
(2.9)-(2.11). By inserting (2.9)-(2.11) in (A.5)-(A.7) and (A.2)-(A.4), the asymptotic behaviour 
of (¢s(7, 7-)) can finally be obtained via (A 1) with the result reported in (3.5)-(3.7). 
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